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Axion-like particles (ALPs) rotate linear polarization of photons through the ALP-photon cou-
pling and convert the cosmic microwave background (CMB) E-mode to the B-mode. We de-
rive the relation between the ALP dynamics and the rotation angle by assuming that the ALP
φ has a quadratic potential, V = m2φ2/2. We compute the current and future sensitivity of
the CMB measurements to the ALP-photon coupling g, which can reach g = 4 × 10−21 GeV−1
for 10−32 eV . m . 10−28 eV and extensively exceed the other searches for any mass with
m . 10−25 eV. We also find that the fluctuation of the ALP field at the observer, which has
been neglected in previous studies, can induce the significant isotropic rotation of the CMB polar-
ization. The measurements of isotropic and anisotropic rotation allow us to put bounds on relevant
quantities such as the ALP mass m and the ALP density parameter Ωφ. In particular, if LiteBIRD
detects anisotropic rotation, we obtain the lower limit on the tensor-to-scalar ratio as r > 5× 10−9.
I. INTRODUCTION
Axion has attracted the wide range of interests in par-
ticle physics and cosmology. Peccei and Quinn originally
introduced the QCD axion to solve the strong CP prob-
lem [1]. In recent decades, it has been found that the
string theory predicts a number of axion-like particles
(ALPs), which have the broad range of mass and the
couplings to gauge fields. Such ALPs are expected to be
ubiquitous in our universe, which provides a paradigm
called string axiverse [2]. ALPs are good candidates for
dark matter, and its ultralight mass may solve the so
called small-scale crisis in cosmology [3–7]. Moreover,
an extremely light ALP can be responsible for dark en-
ergy [8–12].
The axions and ALPs are intensively searched for
in various methods [13, 14]. Especially, the coupling
to photon enables one of the most promising detection
schemes. When photons travel through the axion back-
ground, their polarization angle rotates, which is known
as “cosmic birefringence” [15–19]. To measure the ro-
tation angle, we need to observe some known polarized
photons, e.g. astronomical targets [20–22], laser inter-
ferometers [23–25], and cosmic microwave background
(CMB) [26, 27]. The CMB photons acquire uncorrelated
E- and B-mode polarization when they are emitted at
the last scattering surface (LSS). The cosmic birefrin-
gence mixes the E- and the B-mode, which results in
the EB cross correlation [16, 28–30]. Since the EB cross
correlation vanishes in parity-conserving models, its de-
tection is a smoking gun of parity-violating phenomena
such as the ALP-photon coupling.
In this letter, we formulate the polarization rotation
of CMB photons induced by the ALP field. We find
that three components of the ALP field independently
contribute to the rotation of the CMB polarization. We
also discuss that the oscillation of axion during the LSS
suppresses the polarization rotation. Finally we show the
current and future sensitivity of the CMB observations to
the ALP-photon coupling depending on the ALP mass.
II. BIREFRINGENCE BY ALP
Let us consider a Lagrangian with an ALP field φ cou-
pled to photon:
L = −1
2
∂µφ∂µφ− V (φ)− 1
4
FµνF
µν +
1
4
gφFµν F˜
µν , (1)
where V (φ) is the potential of φ, g is the coupling con-
stant, Fµν is the field strength of photon, and F˜
µν ≡
µνρσFρσ/(2
√−g) is its dual.
When photons travel in a non-zero axion background,
the ALP-photon coupling rotates linear polarization
plane of photons by [31]
α =
g
2
∆φ ≡ g
2
(φobs − φemit) , (2)
where the subscripts ‘obs’ and ‘emit’ denote the observa-
tion point and the emission point of photons in interest.
Thus α does not depend on any dynamics between the
boundaries and it purely measures the difference of the
axion field value between the two positions in the space-
time.
The CMB observations can detect the direction depen-
dent rotation angle α(nˆ) of photons, which travel from
the last scattering surface to an observation point. Then
the rotation angle depends on
φobs = φ(t0,0) , φLSS = φ(tLSS, dLSSnˆ), (3)
where t0 is the present time, and tLSS and dLSSnˆ denote
the time and the position of the LSS, respectively. Note
that the LSS has a finite thickness (∼ 105 lightyears)
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2which may not be negligible, if φ significantly evolves
around t = tLSS [26, 27].
We decompose the axion field into the background and
the perturbation part, φ(t,x) = φ¯(t) + δφ(t,x). This
decomposition reduces ∆φ in Eq. (2) into
∆φ = ∆φ¯+ δφobs − δφLSS, (4)
with ∆φ¯ ≡ φ¯obs − φ¯LSS. The first term in Eq. (4) can be
easily calculated by solving the background dynamics of
φ. The last term is directly given by the primordial per-
turbation. The second term δφobs was overlooked in the
literature. ∆φ¯ and δφobs produce the isotropic birefrin-
gence, while δφLSS leads to the anisotropic birefringence.
Even when the background contribution ∆φ¯ is negligi-
ble, δφobs statistically breaks the parity symmetry in the
CMB polarization and can serve as an important probe,
as we will see below.
Here we elaborate the decomposition of φ into φ¯ and δφ
in Fourier space. The contributions to φ(t,x) from the
Fourier modes with wavelengths longer than dLSS take
the same value at the observer and the LSS position.
On the other hand, if the wavelengths of modes shorter
than dLSS, their contributions are uncorrelated, because
their phases are different at these distant positions. This
fact can also be understood based on the quantum ori-
gin of the modes. When the long (short) modes exited
the horizon during inflation, the two spatial points be-
longed to the same (two different) horizon patch(es) and
the quantum fluctuations freeze at the same (different)
value(s) due to the causality. Thus, we decompose the
background and perturbation in the following way:
φ¯(t) :=
∫ k∗
0
d3k
(2pi)3
eik·x φk(t), (5)
δφ(t, x) :=
∫ ∞
k∗
d3k
(2pi)3
eik·xφk(t). (6)
where k∗ = d−1LSS ≈ H0/3 is the splitting scale, H0 ≡
H(t0) denotes the Hubble constant at t0, and we set
the present scale factor a(t0) = 1. Here, φ¯obs(t) and
φ¯LSS(t) describe the same background dynamics, while
δφobs and δφLSS are uncorrelated. We can separately
calculate δφobs and δφLSS as independent perturbations.
We assume that φk has the Gaussian distribution and
then its statistical information is all encoded in the power
spectrum Pφ(t, k) defined by 〈φk(t)φp(t)〉 = (2pi)3δ(k −
p) 2pi
2
k3 Pφ(t, k).
The observational signatures of δφobs and δφLSS are
distinct. The spatial distribution of δφLSS results in
the direction dependent rotation angle α(nˆ), i.e. the
anisotropic birefringence. The sensitivity of the CMB ob-
servations to the anisotropic birefringence is often char-
acterized by Aα ≡ L(L+ 1)CααL /(2pi), where CααL is the
angular power spectrum of the rotation angle [32]. We
assume that the scale-invariant power spectrum of the
ALP field, Pφ(tinf) = (HI/(2pi))2, is produced with the
Hubble parameter HI during inflation. Then we find a
simple relation for L . 100 [32],
Aα =
g2
4
Pφ(tLSS), (7)
where we ignore the ALP mass. Thus, the power spec-
trum of δφLSS is measured through the multipoles of the
CMB polarization anisotropy.
On the other hand, any observations detect only a sin-
gle realization of δφobs at the observer’s point which con-
tributes to the isotropic rotation angle. Since the mean
value of the perturbation part always vanishes 〈δφ〉 = 0,
the typical amplitude of δφobs is estimated by its vari-
ance,
〈δφ2obs〉 =
∫ ∞
k∗
dk
k
Pφ(t0, k). (8)
Combined with the background contribution, the
isotropic rotation angle α¯ is given by
α¯ =
g
2
(
∆φ¯+ δφobs
)
. (9)
In summary, the cosmic birefringence by ALP has the
following three contributions: (i) the ALP background
motion ∆φ¯ ≡ (φ¯obs − φ¯LSS), (ii) the anisotropic distri-
bution of the ALP field at the LSS δφLSS, and (iii) the
ALP field fluctuation at the observer δφobs. ∆φ¯ and δφobs
generate the isotropic birefringence α¯, and δφLSS gener-
ates the anisotropic birefringence measured by Aα. Even
when the axion field does not change overtime, (ii) and
(iii) contributions still remain because of the spatial fluc-
tuations, whereas ∆φ¯ vanishes.
III. ALP FIELD DYNAMICS
In this letter, henceforth, we consider birefringence
caused by a ALP field with the quadratic mass term,
V (φ) =
1
2
m2φ2. (10)
In the spatially flat Friedmann-Lemaˆıtre-Robertson-
Walker universe, the metric perturbation is given by
ds2 = a2(η)
[−dη2 + (δij + hij)dxidxj], where we choose
the synchronous gauge and η is the conformal time. Note
that hij includes both scalar components and tensor com-
ponents. Then the equations of motion (EoMs) for the
background and the perturbation are obtained as [29]
φ¯′′ + 2Hφ¯′ + a2m2φ¯ = 0, (11)
δφ′′ + 2Hδφ′ −∇2δφ+ a2m2δφ = −1
2
h′φ¯′, (12)
3where h is the trace of hij . Here, the source term, − 12h′φ¯′,
describes that the ALP perturbation is induced by the
adiabatic perturbation in proportion to the ALP back-
ground motion φ¯′ [32, 33]. Nevertheless, we conserva-
tively neglect the source term in this letter to estimate
the robust contribution from δφ to birefringence, which is
inevitably generated by inflation irrespective of the back-
ground dynamics φ¯(t). Note that δφLSS is not affected
by the source term in any case, because φ¯ does not evolve
for t < tLSS in the mass region of our interest.
For pedagogical purposes, we solve the above EoMs
for φ¯ and δφobs in the Einstein-de Sitter (EdS) universe
and discuss their behaviors based on the analytic expres-
sions. We will show the numerical results with the ΛCDM
model in the next section.
Solving Eq.(11), we obtain the simple expressions for
∆φ¯ ≡ (φ¯obs − φ¯LSS) in two mass regions,
|∆φ¯| '

2
9
√
2
3Ωφ
m
H0
MPl (m t−10 )
2
√
2
3ΩφMPl (t
−1
0  m t−1LSS)
, (13)
where we introduced the density parameter of the ALP
field, Ωφ ≡ ( ˙¯φ2 + m2φ¯2)/6M2PlH20 . In the upper case in
Eq. (13), since the ALP mass is too small to start oscillat-
ing until now, it is always in the slow-roll regime; thus φ¯
evolves only a little. In the lower case, on the other hand,
the ALP began to oscillate much later than tLSS and
much earlier than the present epoch, and thus the ALP
field value has been damped by the Hubble friction, which
leads to |φ¯obs|  |φ¯LSS|. As a result, ∆φ¯ is suppressed
by the factor m/H0 in the lighter ALP case compared to
the intermediate mass case with t−10  m t−1LSS.
The analytic solution for Eq.(12) in the matter dom-
inated universe also gives the approximate solution of
δφobs. Ignoring the mass and source term, one finds the
solution in Fourier space as
φk(η) =
3φˆink
k3η3
[
sin(kη)− kη cos(kη)]. (14)
where we used the initial condition φk(ηin) = φˆ
in
k and
φ′k(ηin) = 0 with a initial time ηin which satisfies kηin 
1 for relevant wavenumbers. The variance of δφobs is
computed as,
〈δφ2obs〉 = 9P inφ
∫ ∞
k∗
dk
k
[
sin(kη0)− kη0 cos(kη0)
]2
(kη0)6
= P inφ
[
7
4
− γE − ln(2k∗η0) +O(k2∗η20)
]
,
≈ 0.9P inφ , (15)
where we used 〈φˆink φˆinp 〉 = (2pi)3δ(k − p) 2pi
2
k3 P inφ (k) and
assumed that P inφ is scale-invariant. The above result
implies that the typical size of |δφobs| is (P inφ )1/2, while
its actual value in our universe is determined only in a
stochastic manner due to cosmic variance.
Finally we consider the damping effect from the thick-
ness of the LSS which is relevant for m & t−1LSS. If the
ALP has already started oscillating at the time of last
scattering, φLSS does not take a single value and its time
variation should be taken into account. The visibility
function, g(T ), describes the probability density that a
CMB photon, now observed, scattered at the cosmic tem-
perature T . We approximate g(T ) by a Gaussian func-
tion,
g(T ) ' 1√
2piσT
exp
[
− (T − TL)
2
2σ2T
]
, (16)
where TL = 2941 K and σT = 248 K are the fitting pa-
rameters of the visibility function [34]. Thus, the ef-
fective background value at the last scattering which re-
places φ¯LSS is given by
〈φ¯〉LSS =
∫
dT g(T )φ¯ (t(T )) . (17)
We numerically find that 〈φ¯〉LSS exponentially decays as
m increases for m & t−1LSS. Note that, for an even heavier
ALP, |〈φ¯〉LSS| becomes smaller than |φ¯obs|, and then φ¯obs
dominates ∆φ¯ in contrast to the previous cases with m
t−1LSS. We also apply this damping effect to δφLSS. Since
the large scale modes with L . 100 mainly contribute to
Aα, the mass dependence of δφLSS is effectively the same
as the background φ¯. Therefore, we multiply
√
Aα by a
damping factor 〈φ¯〉LSS/φ¯LSS, where φ¯LSS is computed for
t−10  m t−1LSS.
IV. SENSITIVITY OF THE CMB OBSERVATION
In this section, we numerically calculate the ALP field
dynamics based on the ΛCDM model by solving Eqs. (11)
and (12) as well as the Friedmann equation,
H = H0
√
ΩΛ + ΩM (a−3 + aeqa−4), (18)
where ΩM ' 0.31 is the density parameter of matter and
aeq ' 1/3400 is the scale factor at the matter-radiation
equality. The upper bound of Ωφ, which appeared in
Eq. (13), is fixed as
Ωφ ≤
{
ΩΛ (m ≤ 9.26× 10−34 eV)
0.006h−2 (10−32 eV ≤ m ≤ 10−25.5 eV) , (19)
where ΩΛ ' 0.69 is the density parameter of dark en-
ergy [35]. φ¯ can be responsible for all of dark energy if
its mass is sufficiently small, while its equation of state
(EoS) parameter wφ deviates from−1 asm increases. We
obtain the condition that Ωφ can be ΩΛ as m ≤ 9.26 ×
10−34 eV by requiring wφ = ( ˙¯φ2 − m2φ¯2)/( ˙¯φ2 + m2φ¯2)
4to lie within the Planck 95% confidence level constraint
wΛ(t0) = −1.04 ± 0.10 [35]. For a larger mass region
m ≥ 10−32 eV, the ALP behaves as dark matter once it
starts oscillating at H ' m. The observations of CMB
and large scale structures constrain the ALP with such
a transition of wφ as Ωφh
2 ≤ 0.006 [36]. For the inter-
mediate mass region 9.26× 10−34 eV < m < 10−32 eV,
we linearly connect these two upper limits on Ωφ in the
logm− log Ωφ plane. This treatment is compatible with
the constraint given in Ref. [36]. Moreover, we set the
initial power spectrum of the ALP perturbation by fix-
ing the tensor-to-scalar ratio r = 2H2I /(piM
2
PlPζ), where
Pζ = 2× 10−9 is the observed scalar power spectrum.
Substituting the numerically obtained ∆φ¯, δφobs and
δφLSS into Eqs. (7) and (9), we obtain the precise pre-
dictions of the CMB polarization rotation in our ALP
model. For simplicity, we evaluate δφobs in Eq. (9) by its
root mean square (RMS). With these predictions, we can
translate the sensitivities of the CMB experiments to α¯
and Aα into the sensitivities to the ALP-photon coupling
constant g. In Table I, the current and projected sensitiv-
ities at 68% confidence level to α and Aα of Planck [37],
South Pole Telescope [39], LiteBIRD [38], Simons Ob-
servatory (SO) [41] and CMB-S4-like mission [40] are
summarized. In this letter, we only use LiteBIRD for
the projected sensitivity to |α¯|, because sensitivity of po-
larization rotation is degenerate with calibration uncer-
tainties on artificial rotation of polarization sensitive de-
tectors [42] and we can not find sensitivities including
calibration uncertainties for the other projects.
Fig. 1 shows the current sensitivities to g. We obtain
the best sensitivity owing to ∆φ¯ by saturating Eq. (19)
and draw it as the purple line. It is proportional to m−1
for m . 10−32 eV and is almost independent of the mass
for a higher mass region as explained in Eq. (13). When
Ωφ is smaller, the sensitivity to g is reduced as Ω
1/2
φ . The
red line denotes the sensitivity originating from δφLSS
and the bound on Aα. For m & 10−28 eV, the pur-
ple and red lines exponentially blow up, since the ALP
oscillation effectively reduces φ¯LSS as discussed around
Eq.(17). Note that the purple line increases in propor-
tion to m for m & 10−27 eV, because φ¯obs dominates
∆φ¯ there. The blue line represents the sensitivity con-
tributed by δφobs which is numerically evaluated by its
RMS 〈δφ2obs〉1/2. The shaded regions show the current
constraints from the light-shining-through-walls experi-
ment OSQAR [43], the helioscope experiment CAST [44],
the γ-ray flux bound from SN1987A [45], and the X-ray
bound by Chandra [46].
We confirm that the parameter dependence of these
sensitivities matches the analytic expressions obtained in
the EdS universe. Using the numerically computed co-
efficients, we find that the sensitivities to g from each of
X = ∆φ¯, δφLSS, δφobs called gX take the following ex-
pressions:
g∆φ¯(m . H0) = 3.0× 10−18 GeV−1
×
( |α¯|
0.6◦
)(
Ωφ
ΩΛ0
)− 12 (m/H0
10−2
)−1
, (20)
g∆φ¯(H0 . m . HLSS) = 2.6× 10−20 GeV−1
×
( |α¯|
0.6◦
)(
Ωφh
2
0.006
)− 12
, (21)
gδφobs(m . H0) = 4.0× 10−14 GeV−1
×
( |α¯|
0.6◦
)( r
10−3
)−1/2
, (22)
gδφLSS(m . HLSS) = 4.4× 10−15 GeV−1
×
(
Aα
8.3× 10−3 deg2
)1/2 ( r
10−3
)−1/2
, (23)
where HLSS ≡ H(tLSS). Note that Eqs. (20)-(22) do not
reflect the fact that both ∆φ¯ and δφobs contribute to α¯,
because these expressions denote the individual sensitiv-
ities.
Forthcoming CMB observations will improve the sen-
sitivity as shown in Fig. 2. The horizontal dotted
lines show the projected sensitivities of the light-shining-
through-walls experiment ALPSII [47], the helioscope
experiment IAXO [14, 48], and the X-ray bound by
Athena [49]. In Fig. 1 and 2, one observes that the CMB
observations of α¯ and Aα can achieve considerably better
sensitivities to g than the existing and upcoming axion
search experiments. If a light ALP exists, inflation au-
tomatically generates its fluctuations and we can probe
g through δφLSS and δφobs. Additionally assuming the
background ALP field has a significant energy density,
we find that ∆φ¯ provides a remarkable sensitivity up to
3 × 108 times better than the current one in the near
future.
It is interesting to notice that the detection of Aα
puts a lower bound on r. Since the ALP-photon cou-
pling constant has the present upper bound, g < 1.4 ×
10−12 GeV−1, once the observation fixes Aα, we obtain
r > 5× 10−9
(
Aα
4× 10−3 deg2
)
, (24)
where we used Eq. (23). If Athena will improve the up-
per bound on g by 10, for instance, the lower bound on r
increases by 100. Therefore, the observation of Aα com-
bined with the axion search experiment chases up r from
below, and it is complementary to the CMB B-mode ob-
servation which pursues r from above.
We can explore the further implications of the possible
detection of either α¯ or Aα. If Aα is detected, using
Eq. (22) and (23), we expect that α¯ contributed at least
by δφobs would be detected at
|α¯| ' 0.05◦
(
Aα
4× 10−3 deg2
)1/2
, (25)
5TABLE I: Current bounds and projected sensitivities to the polarization rotation parameters.
Current LiteBIRD SO CMB-S4-like
|α¯| (◦) < 0.6 [37] 0.1 [38] - -
Aα(deg
2) < 8.3× 10−3 [39] 4.0× 10−3 [40] 5.5× 10−4 [40] 3.3× 10−5 [40]
10-40 10-38 10-36 10-34 10-32 10-30 10-28 10-2610
-21
10-18
10-15
10-12
10-9
10-610-8 10-6 10-4 10-2 1 102 104 106 108
FIG. 1: Current sensitivities to the axion-photon coupling
g from ∆φ¯ (purple), δφLSS (red), and δφobs (blue). δφLSS
and δφobs are calculated with r = 10
−3. The purple dots on
the ∆φ¯ sensitivity show the masses at which the current EoS
parameter w satisfies w + 1 = 10−3, 10−2, and 0.06 from left
to right. We extrapolated the sensitivity from δφobs with a
light blue line proportional to m for m > 102H0 due to high
computational costs. The shaded regions have been excluded
by OSQAR [43] (orange), CAST [44] (light blue), SN1987A [45]
(light green), and Chandra [46] (pink).
10-40 10-38 10-36 10-34 10-32 10-30 10-28 10-26
10-19
10-16
10-13
10-10
10-8 10-6 10-4 10-2 1 102 104 106 108
FIG. 2: Future sensitivities to the axion-photon coupling g
of LiteBIRD, Simons observatory (SO) and CMB-S4 are su-
perposed on Fig. 1 as dotted lines. The horizontal dotted
lines show the projected sensitivities of ALPSII [47] (orange),
IAXO [14, 48] (light blue), and Athena [49] (pink).
where the stochastic nature of δφobs blurs a simple pre-
diction. However, if α¯ is not observed well below the
above expected value, we can constrain the ALP mass,
m H0, because the ALP has to already oscillate so that
δφobs sufficiently decays by today. At the same time, we
obtain the upper bound on Ωφ, by equating Eq. (21) to
Eq. (23),
Ωφh
2 < 1.8×10−13
( |α¯|
0.05◦
)2(
Aα
4× 10−3 deg2
)−1 ( r
0.06
)
,
(26)
where not only α¯ but also r is bounded above, r <
0.06 [50, 51].
On the other hand, if α¯ is detected and the correspond-
ing Aα given by Eq. (25) is not observed, we know the
detected α¯ is contributed by ∆φ¯. Substituting the de-
tected |α¯| and the experimental upper bound on g into
g∆φ¯, and using Eq. (19), we obtain the allowed range of
m as
10−8
( |α¯|
0.3◦
)
<
m
H0
. 108
( |α¯|
0.3◦
)−1
, (27)
where we used ∆φ¯ ' φ¯obs =
√
6ΩφMPlH0/m for m >
3× 10−27 eV to derive the upper bound. In passing, we
can develop similar arguments in the case where both α¯
and Aα are detected.
V. SUMMARY AND DISCUSSION
In this letter, we have investigated the cosmic birefrin-
gence of CMB photons as a probe of the ALP-photon
coupling g under the assumption that the ALP has a
quadratic potential with an extremely light mass m .
t−1LSS. Since the birefringence angle is proportional to g
and the difference of the ALP field values between the
LSS and the observer, one can relate the observations of
6the birefringence angle and g by calculating the dynam-
ics of the ALP field. The background dynamics and the
fluctuation at the observer induce isotropic birefringence,
while the fluctuation at the LSS induces anisotropic bire-
fringence. The isotropic rotation induced by ∆φ¯ largely
depends on the energy fraction of the ALP and, with the
maximum allowed energy fraction, the sensitivity to g ex-
tensively exceeds the current limits by other experiments.
The same signal may be used to search for a quintessence
field with a tiny w+ 1. Even if the energy fraction of the
ALP is negligible, the contributions of δφobs and δφLSS
persist as long as the light ALP exists, and they have bet-
ter sensitivities to g than other experiments depending
on r. In particular, we have found that δφobs stochasti-
cally breaks the parity symmetry and contributes to the
isotropic rotation of the CMB polarization. If the ALP is
heavy enough to oscillate during the last scattering, how-
ever, the birefringence effect is drastically suppressed. If
isotropic or anisotropic birefringence is observed by the
CMB observations, we can limit relevant parameters such
as r, Ωφ, and m. These limits will be substantially im-
proved with the upcoming X-ray observation by Athena
and the future CMB missions such as LiteBIRD, Simons
Observatory, and CMB-S4.
We also comment on possible extensions of our work.
The quadratic mass potential Eq. (10) used in our anal-
ysis should be seen as a toy model. For Ωφ ' ΩΛ, this
potential requires the ALP field value φ¯ to be much larger
than the Planck scale, which may not be favored by the
UV completion. However, it is straightforward to com-
pute α¯ and Aα for the other ALP potential forms, by
following our procedure. Although we evaluate δφobs by
its RMS, δφobs in our universe may deviates from the
RMS value by chance. A dedicated statistical treatment
is needed for more precise predictions. We also ignored
the source term in Eq. (12), while it might amplify δφobs.
We leave these intriguing problems for future work.
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